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ABSTRACT

We show that if X is the closed linear span in L,[0,1] of a subsequence of the
Haar system, then X is isomorphic either to l,orto L, {0,1], [l <p< o]
We give criteria to determine which of these cases holds; for a given sub-
sequence, this is independent of p.

The % ,-spaces were introduced by J. Lindenstrauss and A. Peczynski [5] as
generalizations of L(u) spaces; their unit-balls possess similar properties. In fact
it has been shown that a separable B-space is a £ -space if and only if it is iso-
morphic to a complemented subspace of L,[0,1] but not isomorphic to I,,
(1 < p # 2 < ). The separable .Z,-spaces are those which are isomorphic to I,
(Lindenstrauss and Pelczyriski [5], Lindenstrauss and Rosenthal [7].)

Thus, to find the isomorphic types of separable & -spaces (1 <p < o) we
need to find the isomorphic types of complemented subspaces of L,[0,1]. There
are, at present, nine known different isomorphic types of separable £ -spaces
(1 < p # 2 < ), mostly due to H.P. Rosenthal [9].

1t has been shown recently by W.B. Johnson, H.P. Rosenthal and M. Zippin
[4] that the % ,-spaces have bases. Hence the problem of finding the isomorphism
types of separable £ -spaces is the same as finding the isomorphic types of
complemented closed linear spans of subsequences of bases in L[0,1], (1 < p< o).

We give a partial result towards the solution of this problem.

Since the Haar basis is the most meager of all bases for L,[0, 1], this is a
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natural starting point (Lindenstrauss and Pelczynski [6]).It is unconditional so
all subsequences yield complemented subspaces.
The Haar functions on the unit interval are usually defined as follows:

=1
[ 1 ifz—z",fT:—%gmzmT":—ll,
and Vo't = -1 if%r—nz—,% £t <—2gf—l—,
0 otherwise,
for n=0--andm=1...2"

Itis standard to normalize the Haar functions so that the biorthogonal functional
associated with the ith Haar function is simply integration with respect to the ith
Haar function. For our purposes, however, it is more convenient to have these
functions normalized with the supremum norm as above, In the following we will
always use {y;} to mean the Haar functions.

It is well known that the Haar functions form an unconditional basis for
L,[0,1]if 1 < p < co. The proof is due to R.E.A.C. Paley and J. Marcinkiewicz
and can be found in I. Singer [10].

We now state some well-known properties of unconditional basic sequences and
some properties of /, and L,[0,1] which we will use.

Lemma 1. If{x;} is an unconditional basic sequence and {x; } a subsequence,
then the map P:

P(x;)=x;, n=1-- and P(x;)) =0 for other indices, defines a projection of
[x;] onto [x; ]. In fact an upper bound can be given for the norms of such

projections from a particular unconditional basis.

Lemma 2. If {x;} is an unconditional basic sequence in a B-space X, if
[x;] is complemented in X by a projection P, and if {z;} is a sequence in X with
)2 ||P n “ xi’“ ” X;— 2; ” < 1 where x; is the coefficient functional associated
with x;, then {z;} is an unconditional basic sequence, [z;] is complemented in X,
and the correspondence x;< z; defines an isomorphism [2].

Lemma 3. Aninfinite-dimensional complemented subspace of 1, is isomorphic
tol,(1<p<ow)[8]
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LeMMA 4. Let {d;} be a sequence of { —1,0,1} valued measurable functions
and D their closed linear span in L,[0,1] for some p with 1 < p < 0.
Define sets D, and D,,, for n=0--,m =1---2"*1 as follows:

D, = support d,
D, 2m-1 = supportds. .,
D, 2m = support dyn,p
Suppose support d; = J
Dy = Do,4 UDy,,
Dym=Dur1.2m-1Y Dps1.2m
and that there exist constants K, and K, with
0<K,=wD)£K;<wand K; £2"*' (D, ) £ K.

Then the correspondence Td, = y; between {d;} and the Haar system {y}
defines a la:tice isomorphism between D and L,[0,1]. Hence D forms a sublattice
and is complemented in L,[0,1] by a projection of norm 1.

In addition

||| < /k)e?
|71 s kg,
ProoOF. It is easy to see from definitions that the unions
Dy = Dy,1 YUDy,,

Dy = Dps1.2m-1 Y Dps1,2m
are disjoint.
Thus if 4, --- A, are constants, the functions 21,d; and .4,y, achieve the same
finite set of values,
In fact if ¥, = [0,1]

Y, 2m-1 = SUPPOLt Y3nspm

Y, 2m = SUPPOTt Yanip
then for every A the set of points t where XAd,(f) = A is a disjoint union of sets
D, .. while the set of points r where X.4,y(f) = A is the corresponding union of
sets Y, .
Our inequalities imply easily that
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ﬂ(D n,m) < K2

K, < <
YE Y, T

and
< DY)
oY) T 2

so that it readily follows that T is a lattice isomorphism with given estimates on

K,

norms.
The fact that D is complemented with projection of norm 1 follows from a

theorem of Ando [1] which says that this is true for all lattice subspaces of
LJo,1]if l<p<oo.,
We are now ready to state and prove:

THEOREM. Let {x;} be a subsequence of the Haar system. Then if 1 <p < o0
and X is the closed linear span of {x;} in L,[0,1], either
X is isomorphic to |,
or
X is isomorphic to L,[0,1].
ProoF. Consider the set
A = {te[0,1]]| tesupport x, for infinitely many indices i}.
The set A4 is clearly measurable.
We show that:

if y(4)=0then X ~ I,
if u(4) > 0 then X ~ L,[0,1],
where ~ means, as usual, isomorphic.

Case 1. u(4)=0. We will show that X is a complemented subspace of a
space isometric to I, and appeal to Lemma 3. (X is ¢learly infinite-dimensional
since it arises from a subsequence (infinite) of a basic sequence.)

First it is clear that if {S,} is a sequence of mutually disjoint measurable sets
with p([0,1] — US,)=0 and X|S, is the restriction of X to the set S, then
(XX IS,,)I, is a subspace of L,,[O, 1] which contains X. The space X is clearly
complemented in any such space by restriction of the projection of L,[0,1] onto
X given in Lemma 1.

We will now choose sets {S,} with the above properties and so that (XX|S,),
will obviously be isometric to I,. In fact we will pick the sets so that X is constant
on each one.
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Consider the sets 4,, n =0,1,---,:
A, = {te[0,1]| te support x; for exactly n indices i}.

We mean, of course, the supports as given by the original definition of the Haar
functions and not the support of a function equal a.e. to a Haar function.

The sets 4 and A, are clearly pairwise disjoint and [0,1] — U 4, = 4 so this
set has measure zero.

Fix n for a moment and consider only those functions x; which appear in the
definition of A4,. By a maximality argument repeated n times, we can split this
(possibly finite) sequence into n subsequences {x;} i€B,,;, j=1--n with each
subsequence consisting of disjoint functions and so that the supports get finer,
that is:

if i €B,,; for j = 2 then there exists ke B,,;_, with supp x, > supp x; (properly).

It is then easy to see that A, = U, 5, (4, "suppx)= Uy, (4, Nsuppx;)
vU,. 8,.,(A, Nsupps, ). The sets in the final union clearly are disjoint and have
union A,, and X is constant on each one.

n'n

The case n = 0 is easy since X is constant 0 on A,.
Doing this for all n and numbering our sets properly, we arrive at the promised
sets S,; X is constant on each set S, so X| S, is either 0 or 1-dimensional for all n.

Case 2. w(A)>0. By Lemma 1, X is complemented in L,[0,1].

Suppose we can show that X contains a complemented subspace Y isomorphic
to L,[0,1].

We will then get X ~ L,[0,1] by the decomposition method of Pelczyrski.

We now proceed to construct such a subspace Y. We will pick for Y a block
basic sequence with respect to {x;} sufficiently close to a sequence which satisfies
the hypotheses of Lemma 4.

Consider the sequence {x;}. By induction and a maximality argument we can

find a countable number of subsequences {x;}, i€ N, (k=1-:), each possibly
finite or infinite, with

NyNN;=g@ if k#j
UN,=N
if i, je N, for some k, then supp x;\suppx; = &
unless i =j

if ie N, for some k = 2, then there exists
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j€ Ny, with supp x; csupp x;.

What we have really done is split up the sequence into a countable number of
subsequences so that supports of functions get finer from one subsequence to the
next and so that the functions in any one subsequence are disjoint from one
another. This is similar to what we did in the previous case on the 4,. From the
fact that u(4) > 0, it is easy to see from what follows that we actually have an
infinite number of subsequences.

It is not difficult to see that the sets 4, = U, y,suppx; are decreasing, contain
A,and Mo A=A

For n= —1,0,--- and given positive constants c,, pick k, increasingly strictly
with n so that

w4, — A)<ec,

Then define functions b;, i =1,2,-- as follows:

b1 = Z xi, b2 = 2 X;

ieNk_, ieNig
and inductively thereafter by
bonim = XX;, for 1€ Ny, supp x; < supp (bzt-l+[(m+1)/2])
if m is odd and
bynsm = Xx;, for ie Ny, supp x; < supp (bzn- 14 im+1y/27)

if m is even, for n=1:-- and m=1..-2"
There is, of course, no problem with convergence since in all cases we are taking
disjoint sums of functions with absolute value 1.

It is easy to see that the sequence {b;} does not necessarily satisfy the hypotheses
of Lemma 4.

However, let d, = |b,| | ,and d;=b,| , for i22.

We will show that if the constants c, are picked small enough then Lemma 4
can be applied to {d;}, and that there is a set I of integers for which X, || d;]|
| d; — b, is small enough to imply that ¥ = [b,);., is isomorphic to L,[0,1] and
complemented in X. (It is clear that any such space Y is a subspace of X.)

If

B, = support b,

Bm2m—1 = support b;"+m

Bm2m = support b;"+m
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it is then easy to see that
Dl = A = Bl ﬂA
D, . = A N B, , where the sets

D,, D, correspond to {d;} as in Lemma 4.

Now all the functions b, are symmetric for i = 2 so that

ﬂ(Bn,Zm— 1) = #(Bn,Zm)

= % p(support by, ).
We get

v

H(Dy,2m-1)

H(By,2m-1) — W(Bpam-1— 4)

3 u(support bynym) = H(Bpom-1— 4)
2 Yp(support bynym) = ¢,

1 u(support dyny ) — ¢,

u(Bn-Zm—l)

I

[\

since B, 5,_; € Ay,

Similarly
H(Bu.2m) Z M(Dy,2m) Z 3 H(sUPPOLt bonyy) — €,
2 }u(support dynym) —c,.
On the other hand
if m is odd, support d,n,, = support d;.'-,ﬂ(m;, 1y/21
and so

p(support danip) = U(Dpo1,210m+ 13721-1)
= #(Bn—1,2[(m+ 1)/2]—1) - #(Bn—l,Z[(m+ 1)/21-1~ A)

3 p(support byn-1 4 ym+ 132 — M(Bn-1.21(m+1y21-1— 4)

It

2 1 p(support byn- 14+ 1)/21) — Ca—1
Z T u(supportdyn-1ypm+1)27) = Ca-1-
If m is even, we get similarly

H(SUPPOTt dyny p) 2 U(SUPPOLL dan- i p(m+1)/2) ~ Ca=1-

Combining these inequalities we get
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\Y%

“(Dnlm) = %ﬂ(SUppOI’t d2"+m) = Cp

2 Fu(support dayn- 14 (m+1y2)) — 3Ca-1—C,

1\

31# (support d2"‘2+[([(m+ 1)/21+ 120 — tepmz =i —cp 2

and hence inductively

1 > imn
WD, = Tz wsupport b,) — 'Eo ;2
j=
and so
2" (Dym) Z p(supporthy) — L 2’

i=0

z wd) - X 2/t
i=0

Thus, our first requirement on the constants c; is that

Ki=pA)— X 2" >0

i=0
This can easily be done since u(A4) > 0.
It is easy to see that
(D) Z W(By) =2 (4) 2 Ky

We can show on the other hand that
#(Dy,2m) £ MB,.2m) = 3 u(support bya, )

IIA

% p(support by, La[(m+1)72))

3 1(suppOrt byn- s 4 f(m+ 123

fl

IIA

1 p(support bin-245)
1
S p(support b,)

IA

where m is odd and the + is either + or — depending on m, and k depends on m.

A similar argument implies that
wD,.) £ 2,,—3—1 u(support b,) for all n,m.

But u(Dy) < u(By) < p(support b,) < u(A) + ¢o < p(4) + ¢4 and so
2" (Dy) S W(A) + ¢y
H(Dy) £ p(4) + c-y.
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We let K, = u(A4) + ¢, and apply Lemma 4. Then D is isomorphic to L,[0, 1]
and complemented by a projection of norm 1.

Consider the index set I consisting of 2 and all integers of the form 2" + m for
n=1-andm=1..-2""1,

By Lemma 1 there is a constant K depending only on the Haar system such that
[¥:]ic 1 is complemented by a projection of norm at most K.

But then [d;];. is complemented in D, hence also in L,[0,1], by a projection
with norm at most K | T| | 7=*||, where T(d;) = ;. (D is complemented, norm 1,
in L,[0,1].)

If we can show that

w= 3 K|1] ||

4]

| d;— b;| <1 then, by Lemma 2,
Y = [b;]; ; will be complemented in L,[0, 1] and isomorphic to [d,];. ; and hence
isomorphic to [y;];c;-

But y;T(d;) = yi(y;) = 6;; so that y;T=d,. The functional y; consists in in-
tegrating with respect to y;, with a normalizing factor.

It is not difficult to show that | y3n,,[| < 27

Thus
| d2nsm] £ nem| | T 27| 7]
Secondly
“ dynsm = Dangm ” = (u(support byn ,— A))l/p
and so < clir

w s k7] |7 (jas]

o 2n-1
[di=ba] + % [dinsn] [doren—boreal

sK|r| 7] (17 + X 272
n=1

7]4)
1 1

K 2"’(u(A)+c_1)”p(c(§/”+ g c,,””Z"‘”"“’)
WA) — T ei*t 1
0

A

and this can be made smaller than 1 at the same time as getting K, > 0 if

( wA)+c-y >1/p§2

-— i+t
and u(A) — Xc;2
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cé/p + ch1/p2n-1+nlp

(u(d) = T2t i

1
K i

fIA

This is easily done.

Thus [b,;];.; is isomorphic to [y;];.; and complemented in L,{0,1] hence also
in X. But by unconditionality of the Haar system, [y,];; is clearly isomorphic
to L,[0,4] and so also to L,[0,1].

QuEesTiON. What are the isomorphic types of complemented closed linear spans
of blocks with respect to the Haar system? If 1 < p < o0, is every separable
Z ,-space thus realizable? How about Z-spaces with unconditional basis?
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